Abstract. We re-examine the quantum geometrodynamical approach within the Eddingtoninspired-Born-Infeld theory of gravity, which was first proposed in our previous work [1] . A thorough analysis of the classical Hamiltonian with constraints is carried and the correctness and self-consistency of the modified Wheeler deWitt equation (WDW) is studied. We find that based on the newly obtained WDW equation derived with the use of the Dirac brackets, the conclusion reached in Ref.
Introduction
In the context of Einstein's general relativity (GR), the existence of spacetime singularities has been proven to be unavoidable in many different physical configurations. For example, in standard big bang cosmology as well as in various black hole geometries, a spacetime singularity where the underlying theory ceases to be valid is known to be ubiquitous. Furthermore, spacetime singularities not only appear at small scale such as the big bang singularity and the black hole singularity, but may also exist at extremely large scales. One of the example is the big rip singularity associated with certain types of phantom dark energy [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The latter is introduced as a candidate for the explanation of the current accelerated expansion of our universe [15, 16] and it violates the null energy condition. The big rip singularity is actually a generic spacetime singularity driven by phantom dark energy. The size as well as the curvature of the universe diverge at the singularity and in a finite cosmic time. Before reaching the singularity where the spacetime would be destroyed, all bounded structures would be ripped asunder by the strong Hubble flow.
In Refs. [17, 18] , we have proven that in the Eddington-inspired-Born-Infeld theory of gravity (EiBI) filled with phantom dark energy, the big rip singularity is unavoidable, even though the theory is able to remove the big bang singularity [19, 20] . The existence of spacetime singularities indicates that the underlying theory is still incomplete and some quantum effects are expected to come into play near these singularities. In Ref. [1] , we have investigated the possibility of the avoidance of the big rip singularity by considering quantum effects in the EiBI theory. The scrutiny was essentially based on the quantum geometrodynamical approach in which the Wheeler-deWitt (WDW) equation plays a central role in describing the quantum behavior of the universe [21] . However, in Ref. [1] the derivation of the WDW equation was not well justified. The importance of the fact that the EiBI theory contains multiple constraint equations was underestimated and a further and deeper analysis is necessary.
In this paper, we will make up for the aforementioned missing link in deriving the WDW equation. More explicitly, we will i) perform a thorough and complete analysis of the constraints at the classical level, ii) identify the first class as well as the second class constraints in the system, and iii) promote the canonical variables to quantum operators by using the Dirac bracket. After obtaining a self-consistent WDW equation which actually resembles that derived in [1] , we will prove that the solution to the WDW equation fulfills the DeWitt boundary condition [22] and the big rip singularity is expected to be avoided by quantum effects. Note that in Ref. [23] , we have followed a preliminary procedure to study the quantum avoidance of other cosmological abrupt events, such as the little rip and the little sibling of big rip, in the EiBI phantom model. This paper is outlined as follows. In section 2, we briefly review the classical EiBI phantom model and exhibit how a big rip singularity would appear within this model. In section 3, we construct the modified WDW equation by considering an alternative action proposed in Ref. [24] . The system is shown to be a constrained system and a thorough classical analysis as well as the quantization with the Dirac brackets are performed. In section 4, we solve the WDW equations under two different factor orderings and show that the big rip singularity is hinted to be avoided according to the DeWitt criterion. We finally present our conclusions in section 5.
The EiBI phantom model: constant equation of state
The gravitational action of the EiBI theory is given by [19] 
where |g µν + κR (µν) (Γ)| is the absolute value of the determinant of the rank two tensor g µν + κR (µν) (Γ). The theory is constructed on the Palatini formalism, in which the metric g µν and the affine connection Γ should be treated as independent variables. In addition, R (µν) (Γ) is the symmetric part of the Ricci tensor constructed by Γ. Furthermore, S M stands for the matter Lagrangian, where matter is assumed to be coupled only to the metric g. Additionally, λ is a dimensionless constant quantifying an effective cosmological constant at the low curvature limit. The parameter κ is a constant characterizing the theory and we will restrict our analysis to a positive κ, in order to avoid the instabilities associated with an imaginary effective sound speed usually present in the EiBI theory with a negative κ [25] . Finally, in this paper we will assume 8πG = c = 1. Since the theory contains two independent variables, g µν and Γ, the equations of motion should be obtained by varying the action (2.1) with respect to both of them. The affine structure of the theory implies that the affine connection Γ would not be the Christoffel symbols of the physical metric g µν . Instead, it can be proven that there exists a second auxiliary metric q µν such that it is compatible with the affine connection and defines the curvatures. After varying the action, this auxiliary metric q µν can be obtained:
In our previous works [17, 18] , we considered a homogeneous, isotropic and flat universe filled with a phantom dark energy component which is described by a perfect fluid whose equation of state is constant and such that w < −1. It was proven that even though the EiBI theory is free of the initial big bang singularity, the big rip singularity is still unavoidable. More precisely, the scale factor a would increase without limits in a finite cosmic time from now and the Hubble rate H ≡ȧ/a as well as its cosmic time derivative can be approximated as follows 2) in the far future. On the above equations the dot denotes the derivative with respect to the cosmic time t. The phantom energy density ρ and pressure p = wρ diverge as well at that regime. At the same time, the scale factor a(t) blows up and this cosmic doomsday is what is named as the big rip singularity, which in this case it happens in the EiBI phantom model.
The modified WDW equation
Since the big rip singularity is unavoidable in the EiBI phantom model, in the following sections we are going to investigate whether the big rip singularity can be smeared by some sorts of quantum effects. We will essentially follow the same strategy employed in Ref. [1] in which a quantum geometrodynamical approach was used. This approach is basically rooted on the canonical quantization aiming towards a quantum theory of gravity. In this framework, the construction of the WDW equation, which results from quantizing the classical Hamiltonian of the theory, plays a crucial role. However, in Ref. [1] the derivation of the modified WDW equation was mostly based on physical intuition, while a complete and consistent mathematical treatment was not complete and even not fully adequate. Therefore, in this paper we will re-examine the derivation of the modified WDW equation in detail and study more carefully the constraints of the system, which is fundamental in this model. We will show that after obtaining the modified WDW equation, one can reach the same physical conclusion as obtained in Ref. [1] , i.e., the wave function vanishes when approaching the singularity and the big rip singularity is expected to be avoided.
The effective Lagrangian
In Refs. [1, 23] , we have shown that the classical Hamiltonian describing the gravitational system is much easier to obtain via an alternative action [24] :
where R(q) ≡ q αβ R βα (q). Note that q µν stands for the inverse of the auxiliary metric q µν . The action (3.1) is similar to a bi-gravity action without dynamics for g µν and it is dynamically equivalent to the action (2.1) in the sense that they give the same classical field equations [24] . However, the action (3.1) can be seen as the EiBI action written in the Einstein frame because it is linear on R(q), and most importantly it does not contain a square root of the curvature, i.e., a square root involving second order derivatives of the scale factor of the metric compatible with the affine connection Γ. Therefore, the construction of the classical Hamiltonian is more straightforward starting from the action (3.1). Firstly, we assume a homogeneous and isotropic universe:
where N (t) and M (t) are the lapse functions of g µν and q µν , respectively. Similarly, a and b correspond to the scale factor of each metric. Then, we consider the simplest case in which the matter component is described by a perfect fluid with a given equation of state. Therefore, the matter can be purely described by the scale factor a. After integrations by part, the reduced Lagrangian constructed from the action (3.1), S a = v 0 dtL, can be obtained as
where v 0 corresponds to the spatial volume after a proper compactification for spatially flat sections [21] . For the sake of convenience, we introduce two changes of variables:
and rewrite the Lagrangian (3.2) as follows
Notice that the energy density ρ is written as a function of a = bY in the Lagrangian.
The classical analysis of the Hamiltonian
As we will next show, the system described by the Lagrangian (3.4) is a constrained system. The conjugate momenta of the system can be obtained as follows
According to Eqs. (3.6), the system has three primary constraints [26, 27] 
where ∼ denotes the weak equality, i.e., equality on the constraint surface on which all the constraints in the phase space are satisfied. Given the existence of primary constraints, the total Hamiltonian is defined as follows [26, 27] 
where λ X , λ Y , and λ M are Lagrangian multipliers associated with each primary constraint. Note that the primary constraints are obtained directly from the definition of the conjugate momenta, i.e., Eqs. (3.6). These constraints should be satisfied throughout time and this would lead to more constraints which are called secondary constraints in the system. Deriving these additional constraints requires the use of the equations of motion:
where φ stands for the primary constraints [26, 27] . We would name these requirements consistent conditions of the constraints 1 . According to the consistent conditions of each primary constraint, that is, their conservation in time:
, one can derive three secondary constraints [26, 27] :
The prime denotes the derivative with respect to a = bY . Note that these secondary constraints are the Euler-Lagrangian equations of their corresponding variables X, Y and M , respectively. Furthermore, it can be shown that the total Hamiltonian is also a constraint of the system
Because the Poisson brackets of the total Hamiltonian with all constraints should vanish weakly by definition, H T is a first class constraint and we will use it to construct the modified WDW equation. Furthermore, the Poisson brackets of the secondary constraints with the total Hamiltonian can be written as where qi are the variables and pi their conjugate momenta. Notice that repeating suffices denote the summation over them.
hints at the existence of a first class constraint associated with λ M in the system, as will be shown more explicitly later. The system has six constraints: p X , p Y , p M , C X , C Y , and C M . We consider the following Poisson brackets among these constraints:
Therefore, the constraints p X , p Y , C X , C Y , and C M are second class constraints because for each constraint there exists at least one non-vanishing Poisson bracket with other constraints. On the other hand, the primary constraint p M is found to be a first class constraint because its Poisson brackets with other constraints vanish weakly [26, 27] . Recall that the Lagrangian multiplier λ M cannot be determined by calculating the consistent conditions of all the constraints. The existence of the first class constraint p M implies a gauge degree of freedom in the system. To proceed, we will find an appropriate gauge condition to fix this gauge. An appropriate gauge fixing condition f should satisfy two criteria [26, 27] :
The first criterion means that the gauge condition f compensates the gauge degree of freedom generated by the first class constraint p M . In other words, the constraint p M becomes a second class constraint after fixing the gauge because one of its Poisson bracket with the other constraint is not zero, i.e., [f, p M ] ≁ 0. The second criterion, i.e., Eq. (3.18), is the consistent condition of this gauge choice. An appropriate choice of f is f = M , which means M is a constant. After fixing the gauge, the conservation in time of the gauge condition, i.e., [M, H T ] = 0, implies λ M = 0.
Quantization of the system
As mentioned in the previous subsection, to construct the modified WDW equation we will impose the first class constraint H T as a restriction on the Hilbert space on which the wave function of the universe |Ψ is defined,Ĥ T |Ψ = 0. The hat denotes the operator. The remaining constraints χ i = {M, p M , p X , p Y , C X , C Y } are all second class and we need to consider the Dirac brackets to construct the commutation relations and promote the phase space functions to operators [26] . Note that C M can be used to construct the first class constraint H T by taking a linear combination of these constraints, i.e., Eq. (3.12), so it should be excluded from the set χ i .
In general, for a constrained system containing several constraints, some of them first class and some second class, one can apply linear combinations of these constraints to find as many first class constraints as possible. The remaining constraints will be then second class, say χ i , and one cannot obtain first class constraint anymore by taking linear combinations of them. The Dirac bracket of two phase space functions F and G is then defined by [26] [ 19) where ∆ ij is a matrix satisfying
In principle, if all first class constraints were exhausted by taking linear combinations of the constraints, the matrix [χ j , χ k ] is invertible and ∆ ij exists. This statement has been proven in Dirac's lecture [26] .
The first important property of the Dirac bracket is that the classical equations of motion can be obtained through it:
The first weak equality holds because H T is first class and we have [χ k , H T ] ∼ 0. The second crucial property is that the Dirac bracket of a second class constraint with any phase space function is zero strongly (without inserting any constraint):
This property suggests that to quantize a system with second class constraints, it is necessary to use the Dirac brackets to define the commutation relations [26] :
because we can treat all second class constraints χ i in the system as zero operators within a quantum interpretation after defining the commutation relations with the Dirac brackets. The matrix ∆ ij is the inverse of [χ i , χ j ] and in our system it can be written as follows:
After some calculations, the Dirac brackets between the fundamental variables are
where f 1 and f 2 are two non-vanishing functions. Notice that f 1 and f 2 can be written as functions of b because it is legitimate to insert the constraints C X and C Y to replace X and Y with b when calculating the Dirac brackets.
On the XY b basis, we define
It can be checked that the fundamental commutation relations become 27) and therefore they satisfy Eqs. (3.23) and (3.25).
To proceed, we perform a redefinition of the wave function XY b| → ξ(X, Y, b), ζ(X, Y, b), b|. Based on the chain rules:
the momentum operatorp b acting on |Ψ can be expressed on the ξζb basis as follows:
Let us now consider the following first order linear partial differential equation:
This differential equation has two non-degenerate solutions [28] :
Therefore, if the functions ξ and ζ are these two non-degenerate solutions respectively, they satisfy Eq. 
Therefore, in the ξζb basis, the modified WDW equation ξζb|Ĥ T |Ψ = 0 can be rewritten as
where the term containingp 2 b is determined by Eq. (3.32) and its explicit form depends on the factor orderings. Note that the eigenvalues X and Y can be written as functions of b according to the constraints C X and C Y , hence it leads to the potential V (b) as follows
4 Quantum avoidance of the big rip singularity
The modified WDW equation is shown in Eq. (3.33), while its explicit form should be determined by the factor ordering. In this section, we will solve the WDW equation at the configuration near the classical big rip singularity and to address a cogent conclusion regarding the singularity avoidance. We will choose two different factor orderings and show that our result is robust against different choices of them.
Factor ordering 1
First, we consider ξζb|b 3Ĥ T |Ψ = 0 and choose the following factor ordering
where x = ln( √ λb). Near the big rip singularity, the energy density and pressure of phantom dark energy behave as ρ ∝ a ǫ and p ∝ a ǫ , where ǫ ≡ −3(1 + w) > 0. According to the constraints C X and C Y , the scale factors b and a are related through b 4 ∝ a 4+2ǫ asymptotically. Therefore, the modified WDW equation (3.33) can be approximated as
when a and x approach infinity. The solution is [29] Ψ
where C 1 and C 2 are constants. Consequently when x → ∞, its asymptotic behavior reads [29] Ψ(x) ≈ 2
where
Here J ν (x) and Y ν (x) are Bessel function of the first kind and the second kind, respectively [29] . Therefore, the wave function Ψ(x) approaches zero when a as well as x go to infinity and the big rip singularity is expected to be avoided according to the DeWitt criterium [22] .
Factor ordering 2
Starting from the WDW equation (3.33), we can rewrite it by choosing another factor ordering:p
Near the big rip singularity, the modified WDW equation can be approximated as
where we introduce a new variable y ≡ ( √ λb) 3/2 . The big rip singularity corresponds to the configuration where y → ∞. Before proceeding further, we highlight that this quantization is based on the Laplace-Beltrami operator which is the Laplacian operator in minisuperspace [21] . This operator depends on the number of degrees of freedom involved. For the case of a single degree of freedom, it can be written as in Eq. (4.6) (c.f. for example [30] ).
The solution of the modified WDW equation (4.7) reads [29] Ψ(y) =
where C 3 and C 4 are constants. When y → ∞, the solution becomes
Therefore, the wave function Ψ(y) approaches zero when a as well as y go to infinity. According to the DeWitt criterium for singularity avoidance [22] , the big rip singularity is expected to be avoided in this case. In addition, given the results shown in subsections 4.1 and 4.2, the quantum avoidance of the big rip singularity seem to be independent of the choice of the factor orderings.
Conclusion
In our previous paper [1] , we studied the quantum geometrodynamics in the context of the EiBI theory to see whether the big rip singularity can be avoided when quantum effects are taken into account. The WDW equation plays a central role in this approach because it is essentially the WDW equation that describes the quantum behavior of the whole universe in this setup. In order to construct the WDW equation, one needs to derive a correct and selfconsistent Hamiltonian at the classical level. In practice, the Hamiltonian is a first class constraint in the system and it is regarded as a restriction in the Hilbert space to obtain the WDW equation at the quantum level. In that paper [1] , we made up some not fully consistent links in the derivation of the WDW equation. A complete and correct constraint analysis is now carried out in this paper. Due to the affine structure in the EiBI theory, the system contains additional auxiliary fields but in the end the system turns out to be reducible because of the second class constraints.
We identify all the first class and second class constraints in the system. One of the first class constraint p M corresponds to a gauge degree of freedom and it can be fixed by adding one more additional constraint (fixing the gauge). The other first class constraint, which is the total Hamiltonian, is used to derive the WDW equation. On the other hand, the existence of second class constraints in the system implies the need to use the Dirac brackets when promoting the canonical variables to quantum operators. We have shown that with a complete and self-consistent treatment of the quantization, the WDW equation can be derived and it can also be significantly simplified (cf. Eqs. (3.33) and (3.34)).
Finally, we choose two different factor orderings to solve the WDW equation in a configuration near the classical big rip. The solutions that we have found satisfy the DeWitt boundary conditions in the sense that they vanish near the classical big rip singularity. Therefore, we conclude that the big rip singularity in the EiBI phantom model is hinted to be avoidable when quantum effects are considered, and this result seems to be independent of the choice of the factor orderings.
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